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§1. Introduction.

In this paper we will give a new presentation of the fundamental group
associated with the subdivision of the Heegaard diagram. A subdivision
G(m, 1) of the Heegaard diagram (U; mi, ---, mx, li, -+, 1) is defined from
cutting off the genus n Heegaard handlebody U at the complete system of
the meridian disks D; 1=1,--,n) of U. So each li of the longitude system

{li, *--, I»} is decomposed into l-cells. A new presentation of the
fundamental group is represented of these l-cells. This presentation is
based on a manner of the caluculation of the fundamental group from a
polyhedral presentation of a 3-manifold in [1]. A polyhedral presentation
will also be called as a polygram in [3]. Our results are given in §3,
theorem A, B and their corollaries. §2 are preliminaries; we will give
definitions of a subdivision of the Heegaard diagram and the polygram.
And we will state a relation that a pair of subdivisions G(m, 1) U G(l, m) of
the Heegaard diagrams (U; m, 1) and (V; |, m) becomes a same structure as
a polygram without connectedness. In §4, we will prove theorems. In §5,
we will give examples; Poincaré space, dodecahedron space and L(7, 2)
#L(7, 4. Where the Poincaré space and the dodecahedron space are

homeomorphic and they are generally called the homology 3-shere. But the
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constructions of them are different. Hence we will use the different names
about them. The Poincareé space is constructed by H. Poincarée in 1904 as
a genus 2 Heegaard diagram of a homology 3-sphere which is not
homeomorphic to the 3-sphere S°. A polygram of the dodecahedron space
is given in [1], p224 fig. 112. The caluculations of the fundamental group
from this polygram are given in p.224. We can also obtain a genus 2
Heegaard diagram of the dodecahedron space from the relations (I) and
(). But two presentations of the Heegaard diagrams are different. Hence
two presentations of the fundamental groups which are obtained from the
meridian, longitude system of these two Heegaard diagrams are different.
However these two different presentations are obtained at once from the
only one presentation of the fundamental group from the G(m, I) of the
Heegaard diagram of the dodecahedron space.

We work in piecewise linear category throughout this paper.

§2. Heegaard diagram and polygram.

Definition 1. Suppose U is a genus n handlebody. Let {Di, ::-, Da} be a
set of pairwise disjoint properly embedded 2-disks in U. If the closure of
U— {Di1U--UDn} is a 3-ball, then {Di, ---, Do} is called a complete
system of meridian disks of U and each disk D; is called a meridian disk
of U. {adDi, ---, @Da} (3D1 means boundary of D1) is called a complete
system of meridian curves of 0 U (or U) and each curve 0 D; is called a
meridian curve.

Note that { 8Dy, -+, dDn} cut 6 U into a 2-sphere with 2n holes.

Definition 2. A connected orientable closed 3-manifold M® is represented
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with a union of two handlebodies U, V in M’ M!*=UUYV such that
UNV= oaUNdV=0U=0V is a orientable closed surface F of genus n.
A triple (U, V, F) is called a Heegaard splitting of M® with genus n and U
or V is called the Heegaard handlebody. F is called the Heegaard surface.
Furthermore, M?® is obtained by identifying two handiebodies U and V of
the same genus along their surface 0 U and @V, that is, an identification
map f: dU— 3V is an orientation-reversing homeomorphism. (M*; U, V, {)

is also called a Heegaard splitting concerning f.

Hereafter, a closed 3-manifold M® denotes a connected orientable closed

3-manifold unless otherwise stated.

Definition 3. Suppose (U, V, F)(resp. (M?; U, V, {)) is a genus n Heegaard
splitting of M®. Let 1= {li, -, I.} = {dDy, -, Dy} and m= {m,

. mnt = {0D1, -, 0Dn} be a complete system of the meridian curves
of 0V and 9 U, respectively. Then (U; m, I)(resp. (U; m, f7'(1))) or (V; I,
m) (resp. (V; I, f(m))) is called a genus n Heegaard diagram associated with
(U, V, F)(resp. M% U, V, ). 1= {h, -+, In} (resp. {f7'(N} ) of (U; m, )
(resp. (U; m, £7'(1))) is called the longitude system. And m= {mi, :--, mn}
of U; m, ) or (U; m, f(1)) is called the meridian system. Similarly,

meridian, longitude system of (V; I, m) or (V; |, f{{m)) are defined.

In (M?; U, V, f), by replacing afresh f (V) with V, one can consider
f~' as a identification map. Hence {f7'(1)} is regarded as the longitude
system 1= {li, ==, I} of (U m, I).

Let (U; mi, *=-, ma, i, -, ln) be a genus n Heegaard diagram
associated with (U, V, F). We may assume (mi U - Umyn) N (1 U -+ Uly)

consists of at most finite points (by an argument of general position).
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Definition 4. The number of finite points of (m U -~ Umx) N (LU - Uly)

is called the cross point number with the genus n Heegaard diagram

(U; m, ).

Now we will define a subdivision of a Heegaard diagram.

Let {Di, ---, Du} and {Di, ---, Dx'} be complete system of meridian
disks of genus n handlebodies U and V, respectively. Let
m= {mi, -, mn} = {0Di, -, dDn} and = {L., -, I} = {oDy, -,
0 D'} be complete system of the meridian curves of @ U and 0 V,
respectively. Let (U; m, 1) and (V; I, m) be genus n Heegaard diagrams of
(U, V, F). Suppose each 1-sphere l;, m; (i=1,--,n) in F is oriented. The
meridian system {mi, -, ma} in d U decompose each l-sphere l; into
l-cells. We put labels 1:1, li2, -+, lik;, in these order, to these l-cells in L
according to the orientation of the 1; such that L=1;1U li2U ---U Lie, (Li1,
the first I-cell of L, is arbitrarily chosen from l-cells in ;). We may assume
each label li; is oriented with the same orientation as l;, In the opposite,
the longitude system {li, -*-, I} in 6 U decompose each 1-sphere m; into
l-cells. We put labels mji, mj2, -, m;i; in these order, to these l-cells in
m; according to the orientation of m; such that mj=m;1 Um,2U --- U
mji;. Let each label m;; be oriented with the same orientation of m;.

We cut off U at D; (=1,--,n), the complete system of meridian disks
of U. Then we can get a 3-ball Bu’; @ Bu® is a 2-sphere Si®. In Si?, there
are n pairs {D;'. D; } by cutting off U at D;. Since dD;' and 0D, are
decomposed by same l-cells in 0 D; =mj, they have oriented labels m;1,
mjz, ==, mMji; in common. Hence wa have a planar 3-regular graph in S¢°
which is consisted of oriented labelled 1-cells such that

0 D;'=mj=m;1Umj2U - U mji ., 0 D;=mj=mj1 Umjz2U -+ U mji;
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and 0D/ =lLi=lnUli2U - Ulig, (i, j=1,---n).

Definition 5. A planar 3-regular graph
{6D;"=mj=m;1 U--U mji, 0D, =mj=m;; U - U mji,
oD/ =L=l1U--Ule} ¢ j=1,n)
in St? is called a subdivision associated with the Heegaard diagram
(U; m, I) and is described as G(m, 1). Similarly, a subdivision G(I, m) of
(V; 1, m) is defined and its expression is as follows;
G m) = { oD/ =L=k1U-Ulg, 0D/ =L=l1 U Ul,
0Dj=mj=mj;1U--U mjl].} ¢, 7=1,---,n).

A pair GIm, I) U G(l, m) is called a pair of subdivisions of (U; m, |)
and (V; 1, m).

Sometimes, G(m, 1) or G{I, m) will also be called as a Heegaard

diagram.

Example 1. In the figure 1, there are genus 2 Heegaard diagrams

(U; mi, mz, i, I2), (V; h, lz, mi, mz) of (U, V, F) of the 3-sphere S’
G(m, 1) and G(l, m) are subdivisions of (U; mi1, mgz, h, I2) and

(V: i, l2, mi, mg), respectively. Then G(m, ) U G(I, m) is a pair of their

Heegaard diagrams.
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Definition 6. Let (U, m, D=(U; m, -, ma, i, -+, ln) be a genus n(=22)
Heegaard diagram of (U, V, F) and let the subdivision G(m, I) be the same
presentation as in definition 5. We choose n—1 pieces of li; of G(m, 1} and
let these l-cells be {Li, ---, Lo—1} . If (LiU---ULp=1) U (m U - U mp)
is a connected graph, then (U; m, 1) is called connected for the meridian
system m. If we cannot choose any such 1l-cells from G(m, 1), then (U; m,
[) is called disconnected for m. The connected orientable closed
3-manifolds which have genus 1 Heegaard diagram are 3-sphere, lens spaces
L(p, q) and S*xS'. We define that each genus 1 Heegaard diagram of the
3-sphere and the lens spaces 1s connected and genus 1 Heegaard diagram

of the S*XS' is disconnected for the meridian curve mi of 0 U.

Definition 7. Let (U; m, )=(U; mi, -, mn, L, ---, ln) be a genus n(=2)
Heegaard diagram of (U, V, F). Let {mi, ---, ms} and {11, 11}
be subset of the meridian system m and the longitude system |, respec-
tively. If (mi1U - U mg U (i U U iz) is a connected graph, then this

connected graph is called a connected component of (U; m, ).

Definition 8. Let G(m, 1) be the same presentation as in definition 5. If
the closures of connected components of

S* — | G(m, | — U (int Dy U Int D;) consists of 2-cells, then G(m,
is called connected for the meridian system m. Where | G(m, 1) | denotes
the underlying space of G(m, 1) in Su®*. If one cannot get a connected

graph from G(m, 1), then G(m, 1) is called disconnected for m.

Let G(m, 1) and G(l, m) be the sarﬁe presentations as in definition 5.
Let each P; (j=1,--,n) be the center point of the meridian disk D; of U
and let P;* and P;7 be the center points of D;*(CSt¥) and D; (CSu?),
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respectively. In the St if we deform G(m I} such that D;", D; contract
to P;7, P, , respectively, then we can get a new planar graph on a 2-sphere
S This planar graph consists of vertices {P:;", Pi} (i=1,--.n) and
edges {li1, -, lie,} (=1--,n. And {01, - 0L} G=1--n) are
vertices {P;", P; } . We put a same label P; on these two points which

are labelled as P;", Pi , respectively.

Definition 9. Such graph is called a Whitehead graph (or simply called
W-graph) of the G(m, 1) and is denoted by WG(l) (or WG(l, ---, |n). We
express WG() by {lir. -, lie,, P} (¢=1.---n). Similarly, WG(m) i1s defined
from the G(l, m) and its expression is WG(m)= {mj1, -, mji ;. Qj}
(j=1,--,n) where Q; is the center point of the meridian disk D; of V.
WG(m) is called the dual graph of WG().

Definition 10. WG(]) is called connected (resp. disconnected) if G(m, i) is

connected (resp. disconnected).

Example 3. Figure 2 is a connected genus 4 Heegaard diagram of $* X S
and its disconnected subdivision G{m, 1). And W-graph WG(l) of G(m, ) is

also disconnected.
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It is equivalent that G(m, 1) is connected and its W-graph WG() is
connected. It is clear that if G(m,l) of (U; m, 1) is connected, then (U; m,
) also becomes connected. But from example 3, the reverse of this does
not hold generally. If Heegaard genus = 1, then it is equivalent that

(U:; mi1, 1) is connected and its subdivision G{m1, li) is connected.

Definition 11. Let G=(V; E) be a connected graph on a 2-sphere S¢
where V, E denotes the set of vertices, edges of G, respectively. Let F be
the set of closures of connected components of S°— | G|. Then each
element of V, E or F is called as a 0-, 1-, or 2-celi, respectively. Hence
K=VUEUF becomes naturally oriented 2-dimensional cell complex if we
designate an orientation for each icell ¢ in K. Such K is called a

P-complex.

Definition 12. Let G=(V; E) be a connected graph on a 2-sphere S° and
K=VUEUF be the P-complex of G. Suppose K satisfies the following
conditions (1), (2) or (3).

1y Avi, v, -} (=1, a® are O-cells of V such that a same label v; is
put on these 0-cells.

{e/, e, -} ({A=1,---,a') are l-cells of E such that a same label e; is
put on these l-cells.

i, £} (@G=1,---,a? are 2-cells of F such that a same label f; 1s put
on these 2-cells.

(2) For each 2-cells i/, i of F which a same label f: 1s put on, the
orientation of f;’ is an opposite to the orientation of f;”. f; and f.”
satisfy that df/ N afi" # ¢ or df; N o = ¢ and that the
number of l-cells in d{; equal to the number of 1-cells in d{;".

(3) Gluing together fi' and fi" and gluing together 0-, 1-cells in 0 f; and
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0 {i” are compatible including the labels of 0-, l-cells and the

orientations of 1-cells.

Let f be a map such that f identifies 0-, 1- or 2-cells with same labels,
respectively. Then A =(G, f) is called a polygram.

Note that a polygram is defined as a polyhedral representation in [1].

And precise definition of a polygram is given in [3].

Proposition. Let (U; m, 1) and (V; |, m) be genus n(=1) Heegaard
diagrams of (U, V, F). Let Gim, I) U G(, m) be a pair of the
subdivisions of (U; m, 1) and (V; I, m). And let G(m, l) be connected.
Then Gim, ) U G(, m) satisfies the conditions of a polygram without
connectedness. (M. YAMASHITA [2])

Proof. Let G(m, l) and G(l, m) be the same presentations as in definition
5, respectively. Let o1,--,0p be 2-cells that is the closures of connected
components of S¥ — | G(m, ) | — jgl (Int D;* U Int D;7). And let the
name ¢ of 2-cell be the label of its. Since 0 U= d V(=F), each 2-cell of
the closures of connected components of

Svi— | G(, m)| — j—g] (Int D;/* U Int Dj") is put on the same label o; of
the 2-cell in Su* (see figure 1). mNI=mM U ---Umx) N (LU - Ul
consists of cross points of (U; m, I) or (V; |, m). Let X be one of a point
of them. Since there are two l-cells which have a same label m;; in G(m,
1), if XC dmji, then in G(m, 1), there exist two 0-cells which have a same
label X, the name of the 0O-cell. In G(I, m), there is a l-cell mji. Since
there exist four disks {D¢'*, D", Di'", Di’"} in Sv® such that 0 mj; C
{0De", 0D, 0D/*, oD/}, if XCD¢", then XCDy~. We put the
same label D; (resp. D;’) on the two disks D;*, Di™ (resp. D;*, D;/7) in Si®

(resp. Sv?) (i, j=1,---,n). Hence M?® is obtained by identifying four O-cells
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apiece with a same label, three 1-cells apiece with a same label or two
2-cells apiece with a same label in St and Sv*, the boundaries of Bi?, BV,
respectively. Let f be the identification map above same labels. Then
(G{m, ) U G({, m), f) satisfies the conditions of a polygram without

connectedness. Q. E. D.

§3. Presentation of the fundamental group of the Heegaard

diagram.

Let (U, m, 1) be a genus n(=1) Heegaard diagram of (U, V, F) and
G(m, 1) be the subdivision of (U; m, ). Let G(m, 1) be connected and
G(m, 1) be the same presentation as in definition 5.  Since (U, m, 1)

becomes connected, one can choose n—1 pieces of 1l-cell from {li;} of

G(m, 1) such that these 1-cells connect the meridian curves {mi, ‘-, mn}
of (U; m, 1). Let these 1cells be {Li, L2, ---, La—t} . Let o1, --=-, 05 be
2-cells that is the closures of connected components of S¢* — | G(m, I) | —

CJ (Int D;" U Int D; ). From now on we will use each label l;; of 1-cells
j=1
together with as a symbol of the generators of a fundamental group.

Theorem A. Let (U; m, l) be a genus n(=2) Heegaard diagram of (U, V,

F) of M*. Let the subdivision G(m, ) of (U; m, ) be connected for the

meridian system m. Then li1, -, lie, G=1,--",n) become generators of a

fundamental group of M®. Relations are as follows;

(1) Li=1, -+, La—1=1

(2) ri=1 where ri is a word which is obtained by reading the labels {li;}
of l-cells in do; continuously, omitting mij as lij (resp. li; ") if the

orientation of l-cell is same (resp. opposite) as the orientation for
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runming around the do; (1=1,--,p).

@) Ly - lie,=1 (i=1,+n)

In the relations (2), note that we may start reading from an any 1-cell
in doi because the word r; becomes a cyclic word by joining the beginning
and the end of ri and preserving the sequential order of letters in r;.

Hence r; is uniquely determined.

We will give a example for theorem A before its proof.

Example 4. A presentation of a fundamental group of S* which is obtained
from G(m, |) in figure 1 is as follows; here we put lz3 at Li as the relator

given in (1) of theorem A.

hihiz, s, e, lis | Li=ls=1, lalis™'=1, hsles™' =1, laslis'=1
l21,l22,023,024, 025 | lialee™'=1, lealiz ' =1, lisle1 ' l23los™'=1
m1(S)=( lzs,lo1 hslor'=1, laln'=1, Inlz"'=1
helaa 'l =1, lnlizhishalis=1

(21022023024 125126l27=1

We denote a presentation of the fundamental group given in theorem A

as follows;

TiIM=< li; | Li=1, -, Lac1=1, n=1, -, rp=1, lil“'liki:I > - (A)

As to this presentation, there are three same labels apiece in the

relators {r1, -, rp, lir**-lie;} (¢=1,"--,m) without orientations of 1-cells.
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Corollary 1. Let (U; m1, 1) be a genus 1 connected Heegaard diagram of
U, V, F) of M* and G(m1, L) be the subdivision of (U; m1, l1). Then
{11, -, lig become generators of the fundamental group. Relations are

ri=1 (i=1,,p) and 1 Lie=1.

Example 5. Figure 3 gives genus |1 connected Heegaard diagrams (U; mi,
1) and (V; li, m) of the lens space L(7, 2) and its subdivisions G(mi, h)
and G(li, mi), respectively. A presentation of the fundamental group from

G(mi, L) is as follows;

I, Le, hs, L4 Inha'=1, halir'=1, lrhs '=1
7 (L(7, 2)= lis, lis, L7 lislie '=1, heliz7'=1, lizhs '=1

lnlis'=1, lulizlisliahishelir=1
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Corollary 2. Let G(l, m) be the pair of G(m, l}). From G, m), one can

obtain a fundamental group which is presented by {mj1, -, m,'zj}

(]: ].,"'vn)-

Next we will give a presentation of a fundamental group from G(m, 1)
which is disconnected.

Let (U; m, 1) be a genus n(=1) Heegaard diagram of (U, V, F) of M°
and G(m, |) be a disconnected subdivision of (U; m, 1). Let G(m, I) be the
same presentation as in definition 5. Let &1, -, § g(g=1) be not 2-cells in

the closures of connected components of
n

Sv* —|G(m, )| — ],L:JI (Int D;” U Int D;j ). We will take 1-cells X;1, -,
Xit, In ¢ as follows;
(1) Let each l-cell Xi; be oriented.
(2) Int Xij C Int &, and let d X;j be two points {Qi, Q,;} (Qi#Q;). Then
Qi C Li; € 0d&iand Q; C et € 9 & (lijFlkr)
or Q C Li; € 0€&iand Qj € mer € 0 &,
or Qi C mj; C d&;and Qjf C mepr © 0 & (myi;# mey).
(3) The closures of connected components of &; —(Int X;1 U ---U Int Xiti)

become 2-cells.

g
Then G(m, ) U ( l,gl (Xi1 U -+ U Xir ) becomes a connected graph. Let

( igi {0 Xi1, -+, 9 Xit } )N (Int li;) be points {Pij1, -, Pijr~1} . Then
l-cell li; 1s decomposed into l-cells l;j1, -, lz‘jrl. by these points such that
j=Lj1U---Uljr. Let each l-cell lije be the same orientation as ;.
Simularly 1l-cell my; 1s decomposed into 1-cells mj;1, -, Myjis . In the

G(m, 1), if such lij, mj; arise, then we change from li;, m;; into the
decomposed l-cells {lij1, ==, lijr.} ., {mji, -, m,'is].} , respectively. We
denote such constructed graph from G(m, I) as G'(m, ). G'(m, ) is

presented as follows;
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G'(m, )= {dD;"=mj1 U---U mji, 0D, =mj1U--U m;i;, oD/ =L U+
U likl-, luv=luv1 U - U luvru, Mry~— Mzxyl U--u mxysz }

(=1,n—a j=1-n—B, u=1la z=1,-5)

Note that if igl {0Xi1, -, 0Xie,} € {miU--Uma} N {hU-Ula}
then G'(m, )=G(m, 1).

Since G'(m, 1) U ( iél (Xi1 U -+ U Xit)) becomes connected from the
condition (3), we can cor:struct a path from 1-cells of
G'(m, D) U ( iél (Xi1 U - U Xiti)) such that a path, in other words a tree of
the graph theory, connect each mi of m(=mj U --- U m,) and each point of
igl {0Xi1, -, 9Xir,} . We construct such a path as follows;
(a) In the case that Heegaard diagram (U; m, |) is connected.

Let such a path be (LiU--ULs-1) U (Ui’ U--Ulijr)). Where
{Li, ---, Ln—1} are chosen from 1l-cells ;'91 {ir, -, lie} (i=liv---Le) and
they connect each m; of m. However if Li=1li;=Lj1 U U lijr,, then we
must change from l-cell L; into 1-cells {lij1, -+, lijri} in the path. If L
#Li and lij=kj1 U - Ulijr, then {lii’u - U lijr,/} are chosen from

{1, -, lijrl-} such that L:j1i" U -~ Ulj,/ reach to the division points of

lij-

(b) In the case that Heegaard diagram (U; m, 1) is disconnected.

Let such a path be
(LiU - UL U (U050 U Ukir) U C O (X U U Xie)) 0Sh<n—1).
Where {Li, *--, Lx} are chosen from 11——cells iQ {liv, -, lie;}

(=L liki) as follows;

Let Ci, -+, Cs(f=0, f#1) be connected components of (U; m, ). Then
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{Li, -+, La} = { L;j | {lij} are ni—1 pieces of l-cell in C; such that
these 1-cells connect 7n; pieces of m; of m contained in

Ci, 2541 }
Note that if {=0 then {Li, :--, L} =¢ and if {=1 then its becomes

the case (a).

However if Li=Lj=L;1U - U lijrl., then we must change from l-cell L;

into 1-cells {lij1, -+, ijr.} in the path. If lij#Li and Lj=1lj1 U Uljr,

then {lij;1’ 4 - Ulijri’} are chosen from {li;1, -, lijrl-} as 1n the case
(a).
Let o1, -+, gp be 2-cells that 1s the closures of connected components
g
of Su* — | G'(m, 1) | — LnJl (int D;' U Int D; )— ,Ul (Xit U - U X ).
J= 1= t

Theorem B. Let (U;m, ) be a genus n(=1) Heegaard diagram of (U, V,
F) of M°. Let the subdivision G(m, ) of (U; m, [) be disconnected for the
meridian system m. Then a fundamental group of M® is represented by
reading 1 cells of G'(m, )U( U (Xi1U - UXiw) as follows;
(a) In the case that Heegaarc;ﬂdiagram U, m, ) is connected.
Generators are {li1, -+, lix,} (=1, n—a), {luvr, -, luvr }
Uuv =luvt - luvr , W=1,0) and {Xi1, -, Xir .} G=1,--g).
Relations are as follows,
(1) Li=1, -, Lp—1=1
However if Li=lLj=101;1 U U lijri, then we must change from
Li=1 into liji=1, = lijr.=1.
(2) If lij# Le(for any k) and Lij=1lij1U - U lijrl. then liji' =1, -,
lijr, =1.

(3) ri=1 where ri is a word which is obtained by reading the labels
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{lij} of l-cells in da:i continuously, omitting mji, mzyi as lij
(resp. li; ") if the orientation of l-cell is same (resp. opposite) as the

orientation for running around the do; (1=1,---,p).

liji-lijr.. And we must read each decomposed 1-cell as lijx or
lije™' for running around the doi.
) bilie,=1G=1,n)

Iflij=4Lj1U--U lijrl. then we must change from li; into lij1 "‘lijrl..

(b) In the case that Heegaard diagram (U; m, l) is disconnected.
Generators are the same contents as in (a).
Relations are as follows;
(1) Li=1, -, Le=10=h<n—1)
However if Li=1lij=1Ulj1VU - Ulijr, then we must change from
Li=1mto ij1=1, -, lij-,=1.
(2) Relations are the same contents as (2) in (a).
(3) Relations are the same contents as (3) in (a).
(4) Relations are the same contents as (4) in (a).

(5) Xil = 1; B 'Xiti:'l(izlr"'rg)

We will denote these presentations of the fundamental groups as

follows;
(@) =1 (M%)
Lij, luwr | L1=1, =+, La—1=1, =1, -, rp=1, Lir---lix, =1
=( X (Lu=luv=luo1 " luvr =) Luv1=1, *+, luvr =1 -+(BI)

(luv:luvl"'luuru(luv?&[zk)“’) luvl’ =1, KRN luvru’:l

G=1,n—a, u=1,",a)



: A NEW PRESENTATION OF THE FUNDAMENTAL GROUP 157
ASSOCIATED WITH THE HEEGAARD DIAGRAM

&) w1 (M)

lij, luvr | L1=1, -, La=1, nn=1, -, rp=1, lir---lix, =1
Xkt (Lu:luv:luvl'“luvru”) luvi=1, -+, luvruzl
\ (luv:luvl"‘luvru(luv:f;Lk)_’) luvl,:-:l, c, luuru’zl /

Xer=1, =+, Xizr,=1

(i=1,n—a u=l,a 0=h<n—1, k=1,-g)

lij, luvr | Li=1, -, La=1, nn=1, -+, rp=1, lir---lix,. =1
= (Lu:luv:luvl"'luvru_’) luulzl, Tty luvruzl
(luv:luul"‘luvru(luv#;Lk>") Zuulyzl, sy, luvru’zl

(i=1,n—a, u=1,,a 0Z2h<n—1)

Example 6. Figure 4 is a disconnected genus 1 Heegaard diagram
(U; mi, 1) of §8x 8! and its subdivision G(mi, i) and G'(mi1, i) U X; U Xa2.
The fundamental group by reading 1l-cells of G'(mi, ) U X1 UXz is as

follows;
r1(S*XSY=< In, iz | i h2=1 >=2Z (= means isomorphism)
Example 7. Without two dotted lines Xi1 and X2, figure 5 1s a discon-

nected subdivision G(m, 1) of a disconnected genus 4 Heegaard diagram

(U; m, 1) of S
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U; my, l)
D,
m, m
G(my, 1)) l;
3
1,
my;
X,
4 D+ 1 >-
M

(o3}
liy

G, L) U X, UX,

Figure 4
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By adding Xii1, Xi2 to G(m, 1), we can obtain a connected graph

G'(m, DU X11 U X12. There are 14 points in the G'(m, 1) U X11 U Xi2. Let
lis1 U lizz U iz U X111 U X12 U 131 U lgg be a path which connects points 11, 12,
13, 14 and meridian curves mi1, mz, m3, ma. Then the fundamental group

is as follows;

L, bz, ha, b3 lialee™ ' =1, l2liz7'=1, halis 'l3liz'=1

l133, l1a, L15 sy lazdae ™ e "o hize zels2 ™!
l21, l22, l23 — 31 sz Hazlis =1
r1(SH={ a1, 32, la1, laz il '=1, larhisz ™ hise iz ' =1

hilizlizstliszhisshialis=1

Aarl2lzz=1, l31l2=1, lnl=1

hai=1, hae=1, ha3=1, lsi=1, lu=1

Corollary 3. If le {8 Xi1, = 8Xu) C .Ol (mj1 U+ Umji)) then any
i= i=
l-cells {lij} are not decomposed into 1-cells. Hence the presentations of

(a) and (b) become more simplicity as follows;

(@ miM)=<lj, Xer | Li=1, -, La1=1, n=1, -, rp=1, lir--lix, =1>
G=1,-n k=1,
(b) lij, Xev | L1=1, -, La=1, =1, -, rp=1, liv -+ lie, =1
T1(M®) =
Xe1=1, =, Xpr, =1
(t=1,n 0=h<n—1, k=1,---,g)

=< lij | Li=1, -, La=1, nn=1, -+, rp=1, Liv-lie=1 >
G=1,n 0Zh<n—1)
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Definition 13. Each presentation (A), (B1) or (B2) is called a presentation
of a fundamental group by G(m, I), respectively. Similarly a presentation
of a fundamental group by G(I, m) is defined where G(l, m) is the pair of
G(m, ). We denote this presentation as follows;

G(l, m) 1s connected.
T (M)=<m;i | Mi=1, -+, Mu—1=1, ri=1, -, rp=1, mj1~'mjlf.:l>-~-(A')

G(l, m) is disconnected.

(@) (U: m, 1) is connected.

T (M=
mjiji | Mi=1, - My,=1, rn=1, -, rp=1, mjl'--m,'zj:l
Mzyr (Mr:mry:mryl "'mryrx"*’) mrylzl, e, mxyrr:l "‘(Bl')
Xkt | (Mey=mzy1 - Mayr (MeyFMr)=) mey)’ =1, -, My =1

G=1,n—B, =18, k=1,--.g)

(b (U; m, ]) 1s disconnected.
T (M=
m;i | Mi=1, -, Ma=1, =1, -, rp=1, m_jl"‘ﬂ”lej:1
/mzyr (MI:mzy:mer--mzyrx%) Meyt=1, -, mxyrI:I \
\sz (mxy:mxyl-'-mzyrr(mzy?ﬁMk)%) Mmzyl =1, -+, mxyrI’ZI /

Xe1=1, -, szkZI

+(B2)

G=1,n—-8 =16, 0=2h<n—-1, k=1,--g)

mj; | Mi=1, -, Ma=1, n=1, -+, rp=1, mjl-“mjzj:l
- Mzxyr (Mx:mzy:mzyl"'mryrzﬁ) m_;cyl:l, ey mxyrrzl
(mxy:mryl"'mryrx(mry#:Mk)H) mxyl’zlv T mxyrr'zl

G=1l,n—8, z=1,8 0=h<n—1)
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A presentation of a fundamental group which is known from a
meridian, longitude system of a genus n Heegaard diagram (U; m, 1) of
(U, V, F) is as follows;

Let each ms, i be oriented. While we take a turn round the circle l;
according to the orientation of 1;, we read continuously the label m; of the
circle as m;*' (resp. mi’!) if l; cross m; from the upper part (resp. the
underpart) of m; to downward (resp. upward) of m;. See figure 6. Note
that we may start reading from an any cross point of

{LN(mU--U ma} .

e T e ————

I', \\\
’ b
g \
! s
rl '
! A}
N
m; 7 > “““““““““ J }
7
l; ],
m;‘-l m,-“

Figure 6

s
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Then we can obtain a cyclic word. Let the word be 1;. Then mi, -, ma
become generators and 11=1, -, I,=1 become relations of a fundamental
group of M°’. We denote this presentation as follows;

T MY=< my, -, mn | Li=1, , Lo=1> - (m)
A dual presentation from (V; I, m) of (U, V, F) is also defined in an
analogous manner and 1t i1s denoted as follows;

TIMY=< 11, -, In | ,;11:1' oma=1 > - (D,

Definition 14. Each presentation (m), (1) of a fundamental group is called
a presentation of a fundamental group by a meridian, longitude system of

(U; m, 1), (V; 1, m), respectively.

Each presentation (m), (1) is directly obtained from (U; m, ), (V; I, m),
respectively even if each Heegaard diagram is disconnected. But to obtain
the presentations (B1), (Bl), (B2) or (B2') we must construct 2-cells in
G(m, 1) or G(I, m).

84. Proofs of theorem A and B.

To prove theorem A and B, we will apply a method of the presentation
of the fundamental group from a polygram which is given in [1] to
(G(m, 1) UG(, m), {) or
(G'(m, DU( £§1 (it U - U X )N UG, m) U( i_@l (Xiv U - U Xz ), 1),

respectively.

Lemma. Let (U; m, ) be a genus n(=1) Heegaard diagram of U, V, F)
of M:. Let G(m, l) be a connected subdivision of (U; m, 1) and G(m, [) be
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the same presentation as in definition 5. Let WG(l) be W-graph of the
G(m, l). Then a fundamental group of M’ is obtained from WG(l) or
G(m, I).

Proof. There is G(m, 1) (resp. G(I, m)) in the face St* of Bu’ (resp. Sv* of
Bv®). M’ is obtained by identifying the same labels of 0-, 1- or 2-cells in
Su* U Sv%. Hence f | (Su* U Sv?) becomes surface complex F2. F*? consists of
2-cells (g1 U U ap)UD1U - UDgp)UD1’' U+ UDx). Let O be a center
point of the meridian disk D; of U and O be a base point of a fundamental
group of M?  Then by applying the van Kampen theorem to M’=
By’ U Bv®, we can obtain #1(M? O) = = 1(F% O). Next we deform F? such
that each disk D; in F? contract to the center point P; of D;. Where Pi is
especially the base point O. Let such deformed surface of F? be F?’. Then
we can obtain 71 (F% O) = = 1(F¥, O). As this deformation, each 2-cell
oi, D/ in F? is deformed into 2-cell in F*’. Let each deformed 2-cell of
gi be ;' (i=1,,p). And let each deformed 2-disk of Di' be D’
(t=1,---,n). Then F? consists of 2-cells (/U -~ U ap)YU (D" U - UD,).
And (do1’ U == Udgp)U (dD1” U ---U @D,’) becomes a connected W-graph
WG(l)= ig_Jl (lir U -~ Ule). Vertices of WG(l) are points {Pi1, -, Pa} . A
presentation of the fundamental group 7 1(F?, O) can be determined in an
analogous manner in [1], §62. That is, the 1-cells {lij} in F?’ or, rather,
the closed paths in F?' corresponding to these l-cells {lij} become
generators of w1 (F?’, O). The group relations are obtained by running
around each dg; and 0 D;". We can read each 0dgi from WG(]) but we can
not read each dD;” from WG(l). However, since ¢ D;” is i1 U--U liki we
can obtain the relation from 0 Di;”. Hence ni1 (M’ O) is obtained from
WG(l). Furthermore = ;(M? O) is obtained from G(m, 1) by reading l-cells
{kj} as omitting l-cells {mi;} . Q. E. D.
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Proof of theorem A. Proof also give a manner of the more detailed
presentation of 7 1(F*’, O) in lemma.

First we will construct the generators of = (F*, O). WG 1s
connected and L1 U - ULx—1 connects the points {Pi1, -, Pn} . We
construct the closed paths in F?’ corresponding to these 1-cells {li;} from
{Li, ==+, La=1} as follows; 0li; are two points. Since 1-cell l;; is oriented,
let P;; be the initial point of l;; and Pi;+1 be the terminal point of L;. Note
that P;; or P:i;+1 sometimes becomes the base point O. Let a path which
start from the base point O and reach to P;; be O(i)Pil, where I: is
[T L%, e&i==+ records the ordered array of the orientation of l-cell L; in i,
if we follow the path I: from O to Pi;. Then the closed path in F*
corresponding to 1-cell l;; is described as ()(I:)Pi (li;‘)‘(O(i)Pi].+l) ' Where -

j

1

indicates a composition of a path and (o(L)Pi].H)' indicates the inverse

1

path of O(L)Pi Let l;; be a homotopy class of O(I:)Pij‘(lij)'(O(L)P

RS ij+])
that is li,':[o(I\J)Pi].-(li,')'(o(L)piH1) .  Then we regard {L;} as the
generators of = (F*, O).

Next we will give the group relations of = 1(F?’, O).
(1) While we take a turn round the circle dg¢; in F?’, we read continuously
the labels of 1-cells in do;. Then we can obtain a word A:1Ai2--- Ak
Aik+1-- Aim(m=2), where Air is obtained from the label ;¢ of 1-cell in dai
as lie(resp. i ') if the orientation of l-cell is same (resp. opposite) as the
orientation for running around the doi’. Let Aiz N Air+1 be Qir+1 and
Aim N Ail be Qi1. Then a loop which take a turn round such as
O0—-Qi1— AitAiz-- AikAjer1-- Aim— Qi1 » O 1s represented as

o(L)QH-(AilAiz--'AikAikH---Aim)'(o(i‘)oil)"'. Then a homotopy class of

~

the loop becomes [O(L)Q”'(AilAiZ"'AikAik+l“’Aim)‘(O(i)Q“) 'l.  Then

this homotopy class is deformed as follows;
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[O(i)Qil (AirAi2 AipAik+1 Aim)‘(O(i)Q“)—l]

=[o(L)q,, - (Ai)-(o( L))" o(L)a,- (Ai2)-(0(L)a,) " o(L)e,, -
(o(L)g;,) ' o(L)q;, (Air)-(o( L), )" o(L)Q,, - (Aik+1): -
(o(La, )" olLa, _ *(Aim)(o(L)e,) ']
= [o(L)a, - (Ai)(o( L)a,,) ] [o( L)a,, (Aiz)*(o( L)a;y) 1 *+-
[o( Lo, (Air)-(o(L)a,, , )" -+ [o(L)a,,,_,*(Aim)-(o(L)a, )]
=AinAiz--Aie- Aim

Hence a relator is obtained from doi' as a word A;1Aiz--- Aip--- Aim.
(2) Similarly a relator is obtained from 0 D;” as a word Litliz--lie.

(3) Especially if Le=1li; then L+ becomes the unit element 1 of = 1(F*’, O).
Because the closed path in F?’ corresponding to L is o(i)Pij-(o(i)Pl.j)‘l.
o(I:)P”.-(o(i)Pl.j)‘1 becomes homotopic 1 in F?’. Hence Ly=1(k=1,--;n—1)
become the relations of =1 (F?, O). Similarly if Le=l;"' then Lz '=1

(k=1,---,n—1) become the relations of = 1(F?’, O). Q. E. D.

If Heegaard genus n equal to 1 then we do not need to choose such

L:. Hence we can obtain corollary 1.

Proof of theorem B. Let G(l, m) be a pair of the G(m, ). Then
(G'm, DU G XU UXeDUGE mUC G XU UXee ), D
satisfies the conditions of a polygram without connectedness. Let WG'(l)

be the W-graph of G'(m, 1). Let F? be a surface complex which is obtained



A NEW PRESENTATION OF THE FUNDAMENTAL GROUP ) 167
ASSOCIATED WITH THE HEEGAARD DIAGRAM

by f as in the proof in lemma. Then we can obtain

71(M? O) = =1(F% O). Furthermore if we construct a surface F?' from
F? then we can obtain 7 1(F% O) = = (F*, O). WG() is disconnected but
WG'() U ( _@1 (Xi1 U -+ U Xir,)) becomes connected. Hence 71 (F*', O) is
obtained b)lzfreading 1-cells in WG'(I) U ( iél (Xir U - U Xit ).

(a) Proof is carried out as the proof of theorem A.

(b) Proof is also carried out as the proof of theorem A and by adding

@1 {Xi1, -, Xitz.} to WG(), we can construct a path which connect the
points {P1, ---, Pa} . Hence Xi1=1, -+, Xir , =1(=1.---.g) are relations of
7 1(F%, O). Q. E. D.
§5. Examples.

We will give some examples which are stated in the introduction.

Example 8. Figure 7 gives genus 2 Heegaard diagrams (U; m, 1) and
(V; 1, m) of (U, V, F) of the Poincare space and its subdivisions G{m, 1) and

G(, m), respectively. This Poincaré space is given by H. Poincaré in 1904.
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A fundamental group obtained from (U; m, I) is

T1=< mi, mz | mz ' 'mi‘mz'm ‘=1, m@m ‘me 'm ‘=1 >,

And a fundamental group obtained from G(m, 1) is as follows; now let

li4 be L1 then we get

L, bz, his, ha, bs, Lis, Dy { Li=lu=1, he=hs, lu=l2, laa=lis
21, l22, l23, l2a, los In=br ', las=ls, laa=l '
lailze e '=1, laslinlin '=1
l22l15l23 '=1, lizlaalhs '=1

Inh2lizhalishelir=1

I21l22023024125=1

We carry out calculations of substitutions in the relations repeatedly, as

follows;
i, Lz, 13, bis, Lie, 17 I=liz=Ub3, laa=le, I21=U7 ", Izs=l15, l23=1
[21, l22, 123, [24, [25 Ily e '=1, lslinlin'=1, la2lisls '=1
hislaa=1, lunlizhislislislir=1 /
I21122123124125 =1

/ln, l15, s, L17

N\\ [22

L'l "he '=1, Lslunlin'=1, l2lis=1, Inlis=1 \
lilninbishisliz=1, L1 'l2lielis=1 /

/lll, his, Lis, li7

z\ 22

L 'hisin=1, hslulit '=1 \
ilinlinhisin *hr=1, b 'hs 'ln ths=1 /
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=< In, s | llnlulisin hslu=1, luhshs 'l his=1 >

~< In, s | Inthsin™hs=1, lu'hs*n ths=1 >

The last presentation is the same as the presentation from (U; m, ).

Example 9. Figure 8 gives genus 2 Heegaard diagrams (U; m, 1) and (V; |,

m) of (U, V, F) of the dodecahedron space and its subdivisions G{(m, 1) and

G(l, m), respectively.
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A fundamental group obtained from (U; m, 1) is

r1=< mi, m2 | mimemi'me im T memu=1, mimem 'memimz ' =1 >.

And a fundamental group obtained from G(m, 1) is as follows; now let

In be L1 then we get

I, bLiz, hs, ha, bs, Le, L7 | Li=ln=1, hs=lz3, lis=lx"", 1=l
l21, 22, 23, loa, los, l26 la=la17", h2=l2, h2=lx"", he=lxu

lia=la"", lulslin'=1

1=
lshelit '=1, laalialze ' l137'=1
Ilhzhizshialislishir=1
b1 2202312425126 =1
We carry out calculations of substitutions in the relations repeatedly, as
follows;

{22, l23, l24, l25, l26 liz=la", leslit™' =1, laslish7 '=1

U

1

=1, h2lislislislit=1

he, hs, s, be, b7 Ls=l2, lis=l"", li2=l22, liz=125"", lis=124 \
[23l227 ' 13~ /

l22123124125 126 =1

L, L3, bs, Le | Liz=l22, Lhe=ls"", lis=l2a, l13=l24a7", I25l16l15=1

U

l22, 24, los Lslz2 03~ '=1, L2lislislielis '=1

< liz, L3, lis, Lis
l24

l22023l24 125157 =1

u

Le=lau, lis=la™", Lz ' helis=1, Lisli2 ' i3 '=1 >

Lalislishischis ‘=1, Lizlaaloaliz™ 157'=1
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< lig, lis, 24

< Lz, lLis, 24

~ < U5, laa | lalislea " lislealis™' =1, lalishislealis 'l ' s '=1 >

li2 ' aalis=1, Lishi2 ' laa=1, holaa ' lisloalis '=1 >

holislaali2” s '=1

liz ' laalis=1, Li2laa ' hislaalis =1 >

helislaaliz ™' lis ' =1

The last presentation is the same as the presentation from (U; m, ).

Next if we change from Li=Ii=1 into Li=l3=1 in the first

presentation then its presentation becomes

lu, bz, b3, la, bs, bis, it | Li=ln=1, lis=ls, lis=lx"", li=(n
a1, l22, 23, loa, l25, (26 la=ln"", he=law, Lho=ls"", Lis=Ixn
lis=la™", luleshir'=1

lshshr'=1, laalialze™ s =1

Lili2lizlialishelit=1

[21122123124 125126 =1

We carry out calculations of substitutions in the relations repeatedly, as

follows;

la, he, bz, L, bs, O1 | In=l21, lu=la7", hie=lo2, liz=ls7", hs=ln

1

= lo1, l22, L, los ha=la™", In=Uh1, lashe=l1, halzz'=l13

Ihhelizhialishr=1, lalxzlaals=1
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L, bz, L3, e | lie=l22, hie=l2s"", lis=l24, l13=l2a"", l2sli6=111

l22, l24, L5 I '=lz"'=hs3, lnh2bizln " heln=1

N

0
SN N T

Iilzelaals=1

la, hLiz, hs, lie

he=loa, l137'=l24, iz he=In, Lu"h2™'=l3 >

l24 ihizlizin theln=1, hilizlaaliz '=1

hi, lLiz, [

e Vaa=Iln, ln e '=la", nlizlea " hnH2aln=1 >
linhizlealiz ' =1

~ < liz, laa | b2 Ylaahizloa Hloa 2 laaliz =1, Liz 7 aahizloaliz =1 >
=~ < ha, l2a | heloa 'laa  lza  ioloaliz la=1, L2 laaliz=l12l24a7" >

= < liz, l2a | Lo Vlaahizloa a7 2  i2loa=1, L2 ' laaliz= lizl2a™ >

U
AN

liz, loa | helza thizloa=1, li2 ' laalizloaliz '=1 >

Lz, laa | Lizlaa tholaa=1, Lz tlaahizlza=1 >

i
N

The last presentation is the same as the presentation from (U; m, 1) of the

Poincaré space in example 8.

Example 10. Figure 9 gives a disconnected genus 2 Heegaard diagram
(U; m, 1) of (U, V, F) of L(7, 2)#L (7, 4) and its subdivision G(m, 1) without
dotted line Xi. Where # denotes the connected sums of L(7, 2) and
L(7, 4).
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A fundamental group obtained from (U; m, 1) is

T (L(T, DELT, A=< mi, mz | mi =1, mad=1 > = Zr %k Zr =

7 1 (L7, 2))%k = 1(L(7, 4)) (3k denotes free product group).

And a fundamental group obtained from G'(m, I) U X} is

= 1(L(7, 2)#L(T, 4)) =

hi, bz, L, L, s, his, b | Lslie'=1, Lishie '=1, lizhs '=1
lo1, l22, l23, l24, l2s, log, l27 | sl ‘=1, Inha'=1, halir™'=1
logloa™ =1, lalze™' =1, lo2lor'=1
lorles™' =1, lslzz™ =1, l3lar'=1
hrlis ' a1 les ™' =1
Inhzhishalishislit=1

Io1122123l24 125 l26l27=1

=~ < Iy, la | W'=1, la"=1 > = Zr %k Zr1.

Example 11. In (U; m, 1) in figure 9, if we cut off U at Dz, D3 then we
can obtain a connected subdivision G{(m, 1). We can also obtain the same

result as example 10 from the G(m, 1). We leave these works for readers.
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